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Abstract 

For every prime p > 2 we exhibit a Cayley graph of Zp P+3 which is 
not a Cl-graph. This proves that an elementary Abelian p-group of rank 
greater than or equal to 2p + 3 is not a Cl-group. The proof is elementary 
and uses only multivariate polynomials and basic tools of linear algebra. 
Moreover, we apply our technique to give a uniform explanation for the 
recent works concerning the bound. 

Introduction 

Let G be a finite group and S a subset of G. The Cayley graph Cay(G, S) 
is defined by having the vertex set G and g is adjacent to h if and only if 
gh~ x E S. S is called the connection set of the Cayley graph Cay(G, S). Every 
right translation is an automorphism of Cay(G, S), so the automorphism group 
of every Cayley graph of G contains a regular subgroup isomorphic to G and 
this property characterises the Cayley graphs of G. 

It is clear that Cay(G, S) = Cay(G, S a ) for every a E Aut(G) and these 
isomorphisms of the Cayley graphs are called Cayley isomorphisms. A Cayley 
graph Cay(G, S) is said to be a Cl-graph if for each T C G the Cayley graphs 
Cay(G, S) and Cay(G, T) are isomorphic if and only if there is an automorphism 
a of G such that S a — T. Furthermore, a group G is called Cl-group if every 
Cayley graph of G is a Cl-graph. 

For our discussion two previous results are relevant. It has been proved that 
if G is a Cl-group then the same holds for every subgroup of G. Babai and 
Frankl proved in pQ that the Sylow subgroups of a Cl-group can only be Z4, Z 8 , 
Zg, Z27, the quaternion group Q or an elementary Abelian p-group and they 
asked whether every elementary Abelian p-group is CI. 

Hirasaka and Muzychuk proved in [3] that Z^ is a Cl-group for every prime 
p. On the other hand Muzychuk 0] proved that an elementary Abelian p-group 



of rank 2p — 1 + ( 2p p 1 ) is not a Cl-group and most recently as a strengthening 
of this result P. Spiga [Sj showed that if n > 4p — 2 then Z™ is not a Cl-group. 
The problem of determining whether or not an elementary Abelian group Z™ is 
CI is solved if p — 2 as the CI property holds for 1^ , see [2] , and a non-CI-graph 
for was constructed by Nowitz [5]. 

Further improving this bound we have the following. 

Theorem 1. For every prime p > 2 the group Zp P+3 has a Cayley graph of 
degree (2p + 3)p p+1 which is not a Cl-graph. 

The proof of the theorem is elementary and uses only the definition of the CI 
property. We will construct two isomorphic Cayley graphs. The connection sets 
in both graphs are the union of affine hyperplanes in Zp P+3 and the isomorphism 
between the Cayley graphs is given in terms of polynomials. Finally, the proof 
that our Cayley graphs are not CI graphs uses only elementary tools of linear 
algebra. In addition, we will indicate how the previous results of Muzychuk and 
Spiga can be obtained applying our technique. 



The construction 

Let U = and V = Z p+2 , then U and V can be regarded as vector spaces 

over the field Z p with bases {ei, e?, ■ ■ . , ep+i} and {/o, /1, . . . , fp+i}, respec- 
tively. We endow V with the natural bilinear form given as follows: 

/p+i p+i \ p+i 

\i=Q i=0 I i=0 



Let us define the following affine subspaces in U (J) V : 
A i = e i + {v£V\(v,f + f i ) = 0}, 
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will be the connection sets of two Cayley graphs defined on G = U Q) V. Note 
that \S\ = \T\ = (2p + 3)p p+1 as desired. 

We are going to show that Cay(G, S) = Cay(G, S) but there is no automor- 
phism of G mapping S to T. 

Preliminary facts 

In this section we introduce some notation concerning polynomials and we es- 
tablish certain equations over the field Z p . These will be used in the proof of 
the isomorphism between the two Cayley graphs. 

For a series of integers n := (n\, . . . , n p +i) we denote x— := x™ 1 • • -x™^ 1 
and let k (a;—) = |{ i | n, > }| denote the number of variables occuring in x— . 
Let M be the set of monomials of degree p involving at least two variables and 
for each i = 1, . . . ,p + 1 we cut it into two subsets M. = M% U A4f , where 
M° = { x- | Hi = } and Mf = { x- | > }. For a monomial x- e M we 
define the number c„ = n i P ~^ ! i • A well known consequence of the Multinomial 
Theorem is that ni ,. p n +i! is an integer. If x— G A4, then k (x— ) > 2 so p does 
not divide the denominator of c„ and hence c„ is an integer. Finally, for 
and /(x) eZpjii,..., x&] we denote 

A«/(x) = /(x + a)-/(x). 

Lemma 1. Let s = X}f=i x i an d si ~ s — Xi ~ J2j^i x j ■ 
(a) 

P+i 

S P = £x/ + ^2 P C nX-- 

j=i xp-eM 

(b) 

j^i xp-eM° 

Proof. These identities are obvious. ■ 
Define the following polynomials in Z p [xi, • • • , x p +i] : 

n= E (l-k(x^))cnS^+ E (2 - fc(x"))c„x^ (2) 

xp-eM° xp-£M + 

for i = 1, . . . ,p + 1 and 

ro= £ (fc(x^) - 2)c„x^. (3) 
xp-eM 
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Lemma 2. 

V.. _ P ^J- 1 S 3 

P 

3=0 ' 

Proof. 
P+i _^ , 

E r i = E ( (p + 1 - fc fe-))( 1 - fc fe-)) + - 1)(2 - fcfe-)) ) cj, 

= (i - P ) J2 (Hn-) - = J2 ( fc fe-) - 

and Lemma Q] gives 



V (fc(xa) - l)c„^ 

as well. 



Isomorphism 

Proposition 1. Cay(G,S) Cay(G,T). 
Proof. Let : Z 2 p P+ 3 -> Z^ 3 be defined by 

(n, . . . , a; p+ i, yo, Vi, ■ ■ ■ , Vp+i) = 

= (xi, . . .,x p+ i,y + r (xi, . . .,x p+ i), . . .,y p+ i + r p+ i(xi, . . -,x p+ i)) 

where G Z p [xi, . . . , JEp+i] are defined in {2]) and Q . 

We claim that is an isomorphism from Cay(G, S) to Cay(G, T). Note that 
acts by translation on u + V for every u £ U so is bijective. It remains to 
show that for a, 6 G G if 6 - a G 5 then 0(6) - 0(a) G T. 

Assume first that b — a G A* for some 1 < i < p + 1 and write a — (x, y) with 
xeU and y G V. Clearly does not affect the first p+1 coordinates hence we 
need to show <j)(b) — cf>(a) G A;. Now we have 

(0(6) - 0(a)) - (b - a) = (0(6) - 6) - (0(a) - a) = 

= (0, . . . ,0, A ei r (x), A ei ri(x), . . . , A ei r p+ i (x)). 

Thus we have to check that ((A ei r (x), A ei rx(x), . . . , A ei r p +i(x)), /o + fi) = 0. 
Now 

((&e t ro(x), A e< ri(ac), . . . ,A e4 r p+ i(x)),/ + /») = A ei r (^) + A ei rj(x) = 

= A Ci (r (x) + ri(x)) = 
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since ro + does not involve Xj. 

By the same argument if b — a G Co then using Lemma [2] we get 



A £J±N E'' 
\i=o 

= (s + lf-s p = 1. 



These equations hold over Z p since (t + p) p = t p (mod p 2 ). Hence if 6 — a 6 Co, 
then 0(6) - 0(a) € C x . 

Finally, if b — a G £?i we need a little more computation. The proof of Lemma 
[2] shows that 

p+i 

X>= E (fcfe-)-i)^" 



Hence 



p+i 

+ E r J = E t 1 - fe fe"))%af + E ( 2 - fc fe-))c^- 
+ - = E = 



Therefore 



p+i 



I + E , = (« -no* - 4 - _ " - 4 - «, = 

using again the fact that (t + p) p = t p (mod p 2 ). Hence if b — a G Bi, then 
<p(b) — 0(a) G Bi and this finishes the proof of the fact that is indeed a graph 
isomorphism. ■ 



p _ ~? _ o? 



Checking the CI property 

Now in order to show that Cay(G, S) is not a CI graph we have to show that 
there is no a G Aut(G) = GL{U @V) such that a{S) = T. 

Proposition 2. There is no linear transformation a G GL(U © V) swc/i £/iai 
(7(5) = T. 

Proof. Assume by way of contradiction that a G GL(U (J) V) with cr(5) = T. 
Let M denote the matrix of the linear transformation a with respect to the the 

basis {ei, ... ,e p+ i, / ,/i, /p+i} and write Af - 11 ' /j 1 



matrix, where M M G Z< p+1)x(p+1) and M 2 , 2 G Z p p+2) x (p+2) 



as a block 
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For the purpose of the following we modify our notation as follows. Let 

2p+3 2p+3 

S = U Si and T = U T u where S t = T t = A u S i+P+1 = T l+p+1 = B l for 

i— 1 i— 1 

i = l,...,p+l and S 2p +3 = C , T 2p+3 = C\. 

Lemma 3. V is an invariant subspace of a, i.e., Mi. 2 = 0. 

Proof. Considering only the first p + 1 coordinates it is easy to see that for i =/= j 
if a G Si and b G Sj, then 2a — b £ S and similarly for T and thus both S 
and T contain exactly 2p + 3 affinc subspaces of dimension p + 1. Hence for 
1 < i < 2p + 3 we must have cr(Si) c 7} for some j and if a, G Si then 
cr(a) - cr(6) G V. Now 



/ p+i \ 
Spanl U{a-b\a,b€Si}\ =V 



so a(V) CV. U 

It is immediate from the preceding lemma that a is a linear transformation 
of (U@V)/V and for S = { e i; E j¥i ej | 1 < * < p + 1 } U { e 3 - } C C/ we 

have ct(S') = S. 

Lemma 4. Mi ; i is a permutation matrix. 

Proof. Let e := J^^^j- Note that e is the unique element of S which is 
the sum of two others within S hence u(e) = e. The rest of the points can 
be paired such that the sum of every pair is e and by the linearity of a the 
set H = {o-(ei) 1 < i < p + 1 } contains exactly one element of each pair. 

Furthermore, T,heH h = Ef=i °~( e i) = ^(ES e = CT ( e ) = e - 

For every s G S (s, e) = or 1 hence if H contains an element x such that 
(a;, e) = then H contains p elements with the same property as (^2 heH h, e) = 
(e, e) = 1. By permuting the coordinates we obtain that if H contains an element 
h such that (h, e) — then H = { e\ } U { J2j^i e j I 2 < i < P + 1 } but then 
HheH h = e x -e 2 - e p+1 ^ ^tl ej = e. ■ 

For every permutation of {ei, . . . , e p +i} if we apply the same permutation to 
the indices of {/1, . . . , fp+i) and fix /o we obtain an automorphism of Cay{G 1 S). 
Hence we may assume for the rest of the proof that M\_\ — I. This assumption 
implies that a(ei) G Ai and c(Ej^i e j) G Si for 1 < i < p + 1. From this we 
get 

(M 2il e i ,/o + /i> = 0, 
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for 1 < i < p + 1 . 

The sum of these equations over 7L p is 

/ p+i p+i \ 

\ i=l 3=0 / 

We also have that c(J2j=i e j) £ Ci which gives the following condition: 

/ P+i p+i \ 
My^e,^^ =1 

\ i=l j=0 / 

and this contradicts what we have just found above, finishing the proof of Propo- 
sition [21 I 



Undirected graphs 

It is clear that a Cayley graph Cay(G, S) is undirected if and only if S = S~ x , 
where S^ 1 = { s _1 £ G | s £ S }. If G is an Abelian group we write ~S = 
{—s £ G \ s £ G} instead of S" 1 . For a subset S of G we define S = S U -S. 
It is also clear that if cf> is an isomorphism between Cay(G, S) and Cay(G,T) 
then is an isomorphism between Cay(G, S) and Cay(G, T) as well. 

In the previous sections we found two isomorphic directed Cayley graphs 
Cay{l?P + z,S) and Cay(I?P +z ,T) of Z^+ 3 , where 5 and T are defined in Q. 
Therefore we have a pair of isomorphic undirected Cayley graphs: Cay(Zp P+3 , S) 
and C ay (Z 2 p P+ 3 ,T). 

Theorem 2. For every prime p > 3 t/ie group Zp P+3 /ias an undirected Cayley 
graph which is not a CI graph. 

Proof. It is enough to show that there is no linear transformation a such that 
a(S) = f. Let us assume that a £ GL(U ©V) with a(S) = f. 

The same kind of reasoning as in the previous section shows that V is an 
invariant subspace of a, but here we have to use the extra condition that p > 3. 
We also get a subset 



S = 



l<i<p+l 




of U such that a(S) = S. Note that we can write S = S U -S with S n -S = 0. 

Lemma 5. One of the two linear transformations a and —a permutes the ele- 
ments of S. 

Proof. Since a induces an automorphism of Cay(U, S) and cr(0) = 0, it gives 
an automorphism of the induced subgraph on the neighborhood of as well. 
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In this subgraph the vertices e and — e have degree 2p + 2, the other vertices 
have degree 2. This implies that <r(e) = e or a(e) — —e. So cither a or — cr 
fixes e. The neighborhood of e in S is S, hence the proof of Lemma Q] yields the 
result. ■ 

As a consequence of the previous lemma we get a linear transformation (a 
or — cr) which maps S onto T but this contradicts Proposition [21 finishing the 
proof of Theorem [2] I 

Connection to previous results 

In this section we modify our construction a little bit to get a non CI graph of 

the groups Zp P_2 and 1 P p . These results provide a uniform explanation 

for the recent work of P. Spiga [6j and M. Muzychuk [4], respectively. 



Rank 4p - 2 

Let U' = V = I 2 /- 1 and W = U'®V with the bases {e[, . . ■,e! 2p _ l } and 
{/{, . . . , /2 P _i}, respectively. We denote by C the set of multilinear monomials 
of degree p in 2p — 1 variables. Let Z\ = { x— G £ | = } and Cf = C\C^. 
li x— £ £ then the exponent vector n can be treated as a p-element subset of 
{l,...,2p-l}. 
Let 



A' i =e' i + {v'€V'\(v',fl) = 0}, 
B' 



J2^ + {v>£V> 



2p-l y 



2p-l 
3=1 




2p-l f 

Similarly to the original construction let S" = IJi^i^^i u B D u c o and T ' = 
Ui^T^^i u B 'i) u C'i- We claim that Cay{W, S') S Cay(W',T') and the iso- 
morphism is given in the same manner: 

■ ■ • ,x 2p -i,yi, ■ ■ ■,V2 P -i) = 
= (x-l, ■ ■ ■ ,x 2p -i,yi +h(xx,... ,x 2p -i), ■ • ■ , V2p-\ + h P -i(xi, ■ ■ . ,x 2p -i)) 

where U denotes the sum of the monomials in £^ for i = 1, . . . , 2p — 1. 

In this case the computations needed to show that <fi' is an isomorphism of the 

two Cayley graphs are easier. 
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Lemma 6. Assume that x— € C and m e { 0, 1 } 2p 1 C U' 

(a) 

(A m _x^)(x) = x^ 

(A 1 ^)( £ ) = ^^. 



Proof, (a) is obvious and Kb)] is just a particular case of (a) 



Following the way of the proof it turns out that it suffices to verify the 
following three equations. 

Lemma 7. 

(a) 



(h) 



(c) 



Proof. 

h does not involve . 



A P ,L = 0. 



2p-l 
3 = 1 



2p-l 

. • E'- °- 

3=0 



(a) 



(b) 



2p-l 2p-l 

E^ = E E E(f- 1 )^=-E^- w 

3 = 1 3 = 1 Tp-EC" SP-eC xp-eC 

and hence 

2p-l 

^iv/E ^) = - a e^v E 2 s = - E A ^e^ 

j=l xp-EC xp-EC 

applying Lemma El |(b)| 

= - E E^-E^E 1 

ne{o,i} 2p_1 fcga \k\<p 

|n|=p N=P 
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The binomial coefficient (^^nj ) is divisible by p if 1 < \k\ < p and this 
implies that the remaining polynomial is just the constant polynomial — (^p -1 ) 
over Z p . Taking into account that ( 2p p _1 ) = 1 (mod p), we obtain [(b)] 



(c) Substituting (@| into the equation we get 



2p-l 



^+E^ = E 

J=l X2L£C° xp-eC X2L & C + 



Now 



A £ ' E ^ E 



by Lemma [5] (a) 



E ^ E E ^ E 



l*l<P-! |n|=p* 



E 

|*|<p-l 



2p - 1 - |fc| - 1 
p - |fc| - 1 



Now if |fc| < p — 1 then j\ J^'j X ) = (mod p) and this proves the result. ■ 

The proof of the fact that there is no linear transformation which maps 5" 
to T" is nearly the same as in the previous case provided to p > 3. If p = 3 then 
the statement analogous to Lemma |4] does not hold. We leave it to the reader 
to work out the details and we will do so in the next case as well. 



Rank 2p-l+ ( 2p p _1 ) 

Here we only give the connection sets and the isomorphism of the Cayley graphs. 
The proof goes along the same lines as in the previous cases. 

Let O = {k C {l,...,2p- 1} | \k\ =p} and let U" = Z 2 /- 1 and V" 

Z p p ; with the bases { e", e' 2 ' , . . . , x } and { f{{ \ k G O }, respectively. For 
(xl, f) S 17" V"' we define 

For a each 1 < i < 2p — 1 we define the set 
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For every k £ O there are exactly p elements fc x , . . . , k p of O such that \k (~l k t 
1 and hence we can define 

B k = ^ + W'£V" | (v",fl +••• + /£) =0}. 
The third type of affine subspaces are defined by 

°o = E e " + ^" e y " i E 4') = } 

j=i \ keo I 

and 

c " = E e " + ^" e y " i L"> E 4') = 1 }• 

j=i \ fceo / 

Finally, the connection sets are given similarly to the previous cases: 

s" = (\Ja)u(\Jb^uc2 

^ i ' ^keo ' 

and 



r"=(U^) u (U B *) uCf i 



and </>" gives the isomorphism between the two Cayley graphs. 
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